In this study, { } Fibonacci sequence was defined over an arbitrary ring and its some properties are investigated. The terms of this sequence are derivated by Tridiagonal determinant of the matrix. It was shown that this sequence is periodic and their period is obtained. It was shown that the sequence obtained by reducing modulo coefficient and exponent of each Fibonacci sequence in arbitrary rings is periodic. It was seen that order of cyclic group generated with matrix = [ 1 0 ] is equal to the period of this sequence where , are arbitrary elements of the ring. Also, the period of this sequence is compared with Wall number of Fibonacci sequence and it was shown that this period always was an even number.
Introduction
In modern science there is a huge interest in the theory and application of the Golden Section and Fibonacci numbers. Fibonacci numbers are one of the most well-known numbers, and it has many important applications to diverse fields suchas mathematics, computer science, physics, biology and statistics. The Most of the study of Fibonacci sequences is done with groups. The notion of Wall number was first proposed by D. D. Wall [1] in 1960 and gave some theorems and properties concerning Wall number of the Fibonacci sequence. In the mid eighties, Wilcox extended the problem to abelian groups [2] . Knox proved that the periods of -nacci ( -step Fibonacci sequences in dihedral groups were equal to 2 + 2 [3] . Deveci, Karaduman and Campbell examined the behaviour period of the -nacci sequence in the some finite binary polyhedral groups in [4] . However, very little is done with the rings. D. J. DeCarli [5] gave a generalized Fibonacci sequence over an arbitrary ring in 1970. This generalized Fibonacci sequence over an arbitrary ring is denoted by { } and defined by
where 0 = 0 (the zero of the ring), 1 = (the identity of the ring) and , are arbitrary elements of ring [5] . Special cases of Fibonacci sequence over an arbitrary ring have been considered by R. G. Buschman [6] , A. F. Horadam [7] and N. N. Vorobyov [8] where this ring was taken to be the set of integers. O. Wyler [9] also worked with such a sequence over a particular commutative ring with identity. Taşyurdu and Gültekin obtain the period of generalized Fibonacci sequence in finite rings with identity of order 2 by using equality recursively defined by +2 = 1 +1 + 0 , for ≥ 0, where 0 = 0 ( the zero of the ring), 1 = (the identity of the ring) and 0 , 1 are generators elements of finite rings with identity of order 2 [10, 11] .
Materials and Methods
It is well known that the Fibonacci numbers: for = 0,1, … are defined by the Binet's formula as follows: 
If ≡ ≡ 0 then clearly + ≡ 0 and − ≡ 0. Hence all the zeros of ( ) are evenly spaced throughout the sequence. Since ( ) is periodic for any and 0 = 0 it can be said that any integer will divide infinitely many Fibonacci numbers. The following are some immediate consequences of Wall number where 0 = 0 (the zero of the ring), 1 = (the identity of the ring) and , are arbitrary elements of [5] .
Theorem 2.5 If
There is are a relation between the { } sequence and the { } sequence.
Theorem 2. 
).
The Fibonacci sequence { } can be also computed using by the matrices. Let ( ) be a family of tridiagonal matrices, as follows. Proof . We will use the induction method on . We can easely seen that So, we can write det ( ( , )) = det ( −1 ( , )) + det ( −2 ( , ))
Thus, the proof is completed.
The Generalized Fibonacci Sequences in Finite Ring Modulo
From Definition 2.4, we can write some of the terms of sequence { } as following: Proof. To complete the proof, we will show that ℎ is divisible by |〈 〉 | and that |〈 〉 | is divisible by ℎ . From Definition 3.2.1, we know that the Fibonacci sequence { } in the ring with identity is generated by a matrix ,
where ∈ ℤ. Let |〈 〉 | = ( ) where ( ) is order of cyclic group generated with matrix according to modulo . İt is clear that ( ) = ( )
We will often use the fact that if ℎ ≡ 0( ) and
is where ( ) = |〈 〉 |. Then we need to prove that ℎ is divisible by |〈 〉 |. Let ℎ = .
We have already seen that
by . We get that |〈 〉 | is divisible by because |〈 〉 | = ( ) . That is, ℎ is divisible by |〈 〉 |.
So, we get ℎ = |〈 〉 |. ∎
The following are some immediate consequences of the Theorem 3.2.3 the using Identity 2. is an even number. Table 1 shows some periods of sequence of coefficient and exponent of Fibonacci sequence in the with identity modulo by using ( ). 
